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Abstract 
In this article, radar echoes of aircraft wake vortices are modeled as weighted sums of the frequency components of the echoes 
with a special covariance matrix for the weighted coefficients. With a proposed detection scheme, two generalized likelihood 
ratio test (GLRT) detectors are derived respectively for aircraft wake vortices with time-varying and time-invariant Doppler 
spectra. Then the analytical expressions for detection and false alarm probabilities of the detectors are derived and three factors
are investigated which mainly influence the detection performance, i.e., the Doppler extension and uncertainty of the aircraft 
wake vortex, and the number of the detection cells. The results indicate that, the signal-to-noise ratio (SNR) loss induced by 
Doppler extension is generally several decibels. The SNR loss due to Doppler uncertainty is approximately proportional to the 
logarithm of the number of spectrum lines in the uncertain Doppler spectrum intervals. For a large number of detection cells, the
SNR gain is approximately proportional to the square root of the number of the detection cells.  
Keywords: radar; detector; generalized likelihood ratio test; aircraft; wakes; vortex flow 
1. Introduction1
An aircraft wake vortex is a type of atmospheric 
vortex generated behind a flying aircraft. Due to its 
long existence time and great vortex strength, the wake 
vortex of a large aircraft poses a potential danger to the 
aircraft closely behind it. According to the records of 
the U.S. National Transportation Safety Board and the 
U.S. Federal Aviation Administration, there were 130 
aircraft accidents and 60 aircraft incidents involving 
wake turbulence in the United States from 1983 to 
2000[1]. To avoid such accidents or incidents, detection 
of aircraft wake vortices using a radar, a sodar or a 
lidar has been widely researched in recent years, and 
the achievements are fruitful[2-5]. Among the three 
types of sensors, the radar prevails for its more flexible 
frequency selection, longer detection range, etc., 
therefore the radar detection of aircraft wake vortices 
attracts increasing attention, and the electromagnetic 
scattering characteristics of aircraft wake vortices are 
researched both at home and abroad[6-9].
Up to now, there have been less theoretical results 
than the experimental results on the radar detection of 
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aircraft wake vortices, and the experimental results 
have indicated that, aircraft wake vortices are fairly 
strongly detectable. For example, in the early 1990’s, 
Lincoln Laboratory detected the wake vortices of C-5A 
aircraft at a range of 15 km using powerful pulse Dop-
pler radars which have peak power of 2-7 MW[7]. In 
November 2006, Thales Corporation detected the wake 
vortices of civil aircraft at a range of 0.7 km using an 
X-band BOR-A550 radar which has peak power of 
20 W[10].
Owing to its application in civil aviation[11-12] for 
improving the flight safety and transportation effi-
ciency of airports, radar detection of aircraft wake vor-
tices attracts more attention in civil aviation than in 
military applications. However, as the electromagnetic 
scattering characteristics of an aircraft wake vortex are 
closely related to the aircraft’s wingspan, take-off 
weight, speed, etc., the detection of aircraft wake vor-
tices is also important for detection and identification 
of military aircraft, especially for the stealth aircraft[13].
As a type of space- and frequency-extended target 
with a special Doppler spectrum, aircraft wake vor-
tices’ detection technology is quite different from that 
of common targets such as aircraft, missiles, etc. In 
this article, we propose a radar echo model and a de-
tection scheme for detection of aircraft wake vortices 
in clear air, and derive two generalized likelihood ratio 
test (GLRT) detectors for aircraft wake vortices with 
time-varying and time-invariant Doppler spectra. The 
performance of the two detectors is then investigated Open access under CC BY-NC-ND license.
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in detail and the results are expected to be used for 
performance analysis of aircraft wake vortex detection. 
2. Characteristics of Aircraft Wake Vortices 
2.1. Space distribution 
The axial length of an aircraft wake vortex is typi-
cally several kilometers or even longer, so the numbers 
of the range cells and the cross-range cells occupied by 
an aircraft wake vortex are usually much larger than 
one and both of them depend on the radar observation 
angle, which is defined as the angle between the inci-
dent wave direction and the axial direction of the air-
craft wake vortex, as shown in Fig.1, in which Tb is the 
half-power beamwidth of the radar antenna, GR is the 
radar range resolution, and I is the observation angle. 
Fig.1  2-D diagram for detection of a wake vortex. 
Under the typical condition of oblique incidence as 
shown in Fig.1, the number of range cells Mr (within a 
cross-range cell) and the number of cross-range cells 
Ma approximate respectively to (unrounded) 
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where R is the target range and LV is the axial length of 
the aircraft wake vortex, while under the condition of 
normal incidence (I | S/2), Mr=1, Ma| LV/(RTb). 
Hence the total number of resolution cells is 
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2.2. Radar cross section 
Experimental results have shown that, radar cross 
section (RCS) of an aircraft wake vortex in clear air 
does not change remarkably with the observation  
angle[7], but it changes quickly with the incidence  
wave frequency. For example, according to the    
experimental results of the Lincoln Laboratory, the 
RCS of the wake vortex of a C-5A aircraft is slightly 
more than 60 dBsm at 0.162 GHz and slightly more 
than 70 dBsm at 0.422 GHz[7]. Even though the 
beamwidths of the radars at the two frequencies are 
different (48.8 mrad at 0.162 GHz and 19.2 mrad at 
0.422 GHz), the calculated difference of scattering 
intensity per unit axial length of the aircraft wake vor-
tex between the two frequencies is still greater than 
5 dB. 
2.3. Doppler spectrum 
According to the experimental results of the Thales 
Corporation[5,10], the Doppler spectrum of an aircraft 
wake vortex has several discrete, usually time-varying 
spectrum lines whose relative intensity is approxi-
mately inversely proportional to the absolute value of 
the cubic of the corresponding Doppler frequency. This 
type of special Doppler spectrum makes the detectors 
for aircraft wake vortices quite different from that for 
other types of targets. 
3. Detector Design 
3.1. Radar echo model 
According to the characteristics of aircraft wake 
vortices, radar echoes of the aircraft wake vortex in the 
mth range cell within a coherent processing interval 
(CPI) can be modeled as weighted sums of the fre-
quency components of the echoes: 
m m m s E a               (4) 
where am=[am,1 am,2 … am,K]T,  {am,k| k = 1, 2, …,
K} are independent and identically distributed (i.i.d) 
and have complex Gaussian distributions with zero 
means, m = 1, 2, …, Mr.
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where {fm,k} are normalized Doppler frequencies (i.e., 
ratios of the actual Doppler frequencies and the pulse 
repetition frequency of the radar), K is the number of 
the Doppler frequencies, Ncoh is the number of pulses 
processed within a CPI.  
The covariance matrix of am has a special form as 
2
m m mV C ȁ                (6) 
where 2mV  is the echoes’ power of the mth range cell.  
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3.2. Detection scheme 
As the space distribution of the aircraft wake vortex 
is a priori unknown, the radar cannot determine a priori 
the resolution cells occupied by the aircraft wake vor-
tex. However, there is a feasible method which is to 
detect the aircraft wake vortex in specific “detection 
cells” for a given observation angle. Especially, for a 
mechanical scanning radar, the CPI is assumed to be 
the time interval for the antenna to scan an angle of 
Tb/2 (during this period of time the target echoes are 
expected to maintain good coherence). The detection 
cells of oblique incidence with a typical observation 
angle are shown in Fig.2, in which the detection cells 
in adjacent directions are overlapped in the radial di-
rection, therefore the total number of the detection 
cells M is usually more than that of the resolution cells. 
For the case in Fig.2, M | 4Mc /3 while for the case of 
normal incidence, M | 2Mc.
Fig.2  Schematic diagram of detection cells.
Besides the space distribution, there is another a 
priori unknown characteristic of the aircraft wake vor-
tex, i.e., /m, whose relation with the Doppler frequen-
cies (see Eq.(8)) causes the difficulty for the detector 
design. To simplify the detector while maintaining 
good detection performance, we specify /m=/ for 
m =1,2,…, M, and assign / in this way: firstly, ac-
cording to the characteristics of aircraft wake vortices, 
we assign a priori the number of Doppler frequencies 
K and the non-overlapping frequency intervals :k
(k =1,2,…,K), each including one of the Doppler fre-
quencies, then we calculate the matrix / based on the 
center frequency of :k according to Eq.(8). 
3.3. GLRT detectors 
According to the radar echo model and the detection 
scheme discussed above, the detection of aircraft wake 
vortices can be expressed as the following binary hy-
pothesis test: 
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where m=1,2,…, M, zm is a Ncoh-dimensional observa-
tion vector, nm is a zero-mean complex white Gaussian 
noise vector whose covariance matrix is 2nV I where 
2
nV  is the noise power which is assumed to be a priori 
known (or it can be fairly accurately estimated), I is a 
Ncoh-dimensional identity matrix. 
The observation vectors in Eq.(9) can be recasted as 
T T T T
1 2[ ]M "z z z z , and the covariance matrix of z
under the hypothesis H0 is an MNcoh-dimensional iden-
tity matrix. Under the hypothesis H1, the echoes of the 
aircraft wake vortex in different CPIs are assumed to 
be mutually statistics independent. Thus the covariance 
matrix of z is a block diagonal matrix 
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where Cmm=EmCm H 2nm VE I, m =1,2,…, M.
For a certain angle of I, the logarithmic GLRT sta-
tistic is derived to be 
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For Ncoh>>1, an approximation, i.e., HmE Em | NcohI,
can be applied to the problem[14], thus we have 
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where ||g|| denotes the Euclidean norm, [k = NcohOk[,
Dm=(NcohI + /1/[)1 with 
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being the SNR of the mth detection cell. 
For low SNRs, the maximum likelihood estimate of 
the unknown signal power 2mV  is 
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trum estimate at the frequency of fm,k, {zm(n)} is the 
complex sample sequence of the mth detection cell. By 
introducing an approximation under low SNRs, i.e., 
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When the aircraft wake vortex is at unstable evolu-
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tion stage, its Doppler spectrum generally changes 
with time. Thus the Doppler frequencies of each detec-
tion cell are usually different from that of others, and 
the GLRT statistic is in the form as 
,
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m k k
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which is referred to as the time-varying Doppler spec-
trum (TVDS) detector. 
While at stable evolution stage, the aircraft wake 
vortices in different detection cells may have identical 
Doppler frequencies, i.e., ,m k kf f  for m=1,2,…, M,
thus Eq.(15) can be simplified as 
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which is referred to as the time-invariant Doppler 
spectrum (TIDS) detector. 
4. Performance Assessment 
In this section, we derive the analytical expressions 
for detection and false alarm probabilities of the TVDS 
and TIDS detectors respectively, in which both the 
exact and approximate results are discussed. 
4.1. TVDS detector 
(1) False alarm probability 
Under the hypothesis H0, Pˆ (fm,k) / 2nV  is the square 
of the absolute value of a complex Gaussian variable 
with a unit variance, thus it is an exponential random 
variable. Let P1= ˆmax
k kf
P
:
(fm,k) / 2nV  and assume that the 
number of frequencies in :k (k =1,2,…,K) is Mf, then 
we obtain the probability density function (PDF) of P1:
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thus the characteristic function of T1(z) can be ex-
pressed as 
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whose inverse Fourier transform is the PDF of T1(z),
through which we can calculate the false alarm prob-
ability by virtue of a numerical integration. However, 
for a large number of detection cells (M >>1, which is 
common in the problem of aircraft wake vortex detec-
tion), the integration is too complicated to calculate 
efficiently. Therefore we adopt an approximation 
method, i.e., in the light of the central limit theorem, 
T1(z) approximates to a Gaussian variable for M >>1. 
Thus the false alarm probability approximates to 
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(2) Detection probability 
With the Gaussian approximation, the detection 
probability of the TVDS detector can be expressed as 
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value and variance of P1 under the hypothesis H1 re-
spectively, and their numerical analysis is as follows. 
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from which we obtain the exact solutions for 
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However, Eq.(25) and Eq.(26) are not convenient for 
calculation when Mf >>1, and more importantly, the 
influences of Mf, [k on 1 f,1,P MP  and 1 f2 ,1,P MV  cannot 
be directly perceived from them. Thus we introduce 
the approximate expressions, i.e., for 
1 f,1,P MP , we give 
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where C1(Mf) is a control parameter slowly changing 
with Mf. As for 
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for Mf t3, where C2(Mf) is a control parameter. 
As an example, let C1(Mf)=1/2, C2(Mf)=Mf /50, the 
calculated relative errors of 
1 f,1,P M
P  and 
1 f
2
,1,P MV  are 
shown in Fig.3, from which it can be seen that the 
maximum relative error is about 3% (or in other words, 
the approximate errors are less than 0.1 dB), which is 
fairly precise in practice. 
Fig.3  Relative errors of the mean value and variance of P1
under the hypothesis H1.
4.2. TIDS detector 
(1) False alarm probability 
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whose Fourier transform is the characteristic function 
of P2, through which we can obtain the characteristic 
function and PDF of T2(z), thus the false alarm prob-
ability can be numerically calculated. However, the 
calculation efficiency is poor for Mf >>1, therefore we 
introduce an approximation method as follows. 
For K=1, the false alarm probability is 
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where K is the detection threshold. For K >>1, T2(z)
approaches to the Gaussian distribution. Thus the false 
alarm probability is 
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where 
2 f,0,T MP  and 2 f2 ,0,T MV  are the mean value and 
variance of T2(z) under the hypothesis H0 respectively, 
and their numerical characteristics are discussed in 
Appendix A. 
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For PF,1<<1 and PF,2<<1, the numerical results of 
PF,1 and PF,2 indicate that PF,2<PF,1 and the actual false 
alarm probability is between PF,1 and PF,2, thus it can 
be approximated as 
1/ 1 1/
F F,1 F, 2( ) ( )
K KP P P
E E|         (34) 
where E is a control parameter whose value generally 
decreases with the desired PF.
To verify the approximate effect of Eq.(34), Monte 
Carlo simulations with 107 independent trials are per-
formed and the results are shown in Fig.4, from which 
it can be deduced that, for PF=102-105, the approxi-
mation errors are fairly small. More precisely, the rela-
tive estimation errors of the detection threshold based 
on Eq.(34) (considering the Neyman-Pearson detection 
criterion) can be reduced to less than 1%, which means 
that Eq.(34) can be used for calculating the detection 
threshold fairly accurately by choosing a proper pa-
rameter. 
Fig.4  False alarm probability versus detection threshold of 
TIDS detector for E =1, M =10, Mf = 8, {Ok}={0.25, 
0.25, 0.25, 0.25}. 
(2) Detection probability 
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from which we obtain the approximation expressions 
of the mean value and variance of P2 under the hy-
pothesis H1, i.e., 
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where 
2 f,0,P MP  and 2 f2 ,0,P MV  are the mean value and 
variance of P2 under the hypothesis H0, C3(M, Mf) is a 
control parameter (for example, to obtain a relative 
accuracy of about 1%, one can simply set 
C3(M, Mf)=2). The detection probability is then ex-
pressed as 
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where the detection threshold K is calculated according 
to Eq.(34). Furthermore, for K >>1, the detection 
threshold can be approximately calculated according to 
Eq.(33), hence the detection probability is 
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5. Analysis of Performance Factors 
According to the above discussion, detection per-
formance of wake vortices depends mainly on four 
factors, i.e.: 
(1) Doppler extension of the wake vortex, which can 
be characterized by the parameter D. When D gets 
closer to 1, the Doppler spectrum gets more concen-
trated.
(2) Doppler uncertainty of the wake vortex, which 
can be characterized by the parameter Mf. The larger 
Mf is, the more uncertain the Doppler spectrum is.  
(3) The number of the detection cells M, which is 
mainly determined by the range and azimuth resolu-
tions of the radar, the scale of the wake vortex and the 
radar observation angle as shown in Fig.2. 
(4) The number of coherent processing pulses Ncoh,
which is mainly determined by the correlation time of 
the wake vortex and the pulse repetition frequency of 
the radar. 
For the fourth factor, it is obvious that the detection 
performance increases proportionally with Ncoh. Thus 
we only focus on the other three factors below. 
5.1. Doppler extension of aircraft wake vortices 
To illustrate the influence of Doppler extension on 
the detection performance, Fig.5 plots the performance 
curves of the TVDS and TIDS detectors with different 
Doppler extension, i.e., with {Ok}={1}, {0.1, 0.4, 0.4, 
0.1}, and {0.25, 0.25, 0.25, 0.25} (corresponding to 
Cases 1-3, respectively), according to Eq.(23), Eqs.(27)- 
(29), and Eqs.(36)-(38). The results show that, the de-
tection performance decreases with increasing Doppler 
extension. Compared with the unextended Doppler 
spectrum (i.e., the case of K =1), the maximum per-
· 704 · Li Jun et al. / Chinese Journal of Aeronautics 23(2010) 698-706 No.6 
formance loss (between Case 1 and Case 3) of ex-
tended Doppler spectra can be more than 4 dB, which 
should not be neglected in practice. Especially, for  
PD = 0.9, the maximum performance losses of the 
TVDS and TIDS detectors are 2.2 dB and 1.4 dB re-
spectively, which implies that the performance loss of 
the TVDS detector induced by Doppler extension is 
generally greater than that of the TIDS detector. 
Fig.5  Detection performance curves of TVDS and TIDS 
detectors with different Doppler extension for 
PF = 106, Ncoh = 256, Mf = 8, M = 10. 
Due to its time-varying spectrum, the TVDS detec-
tor generally has lower performance than that of the 
TIDS detector, and the performance difference be-
tween them is about 1dB for the cases shown in Fig.5. 
5.2. Doppler uncertainty of aircraft wake vortices 
Fig.6 plots the performance curves of the TVDS and 
TIDS detectors with different Doppler uncertainty, i.e., 
Mf = 1, 2, 8, 16, according to Eq.(23) and Eq.(39). The 
results indicate that, the detection performance de-
creases with increasing Doppler uncertainty for both  
Fig.6  Detection performance curves of TVDS and TIDS 
detectors with different Doppler uncertainty for  
PF = 106, Ncoh = 256, M = 10, {Ok}={0.1, 0.4, 0.4, 
0.1}.
the TVDS and TIDS detectors, and the performance 
degradation of the former is much quicker than that of 
the later, hence even minor uncertainty can make a 
remarkable performance loss for the TVDS detector. 
For example, compared with the performance of 
Mf  = 1, the performance loss of Mf = 16 is 3.7 dB for 
the TVDS detector while only 1.3 dB for the TIDS 
detector (both for PD = 0.9). 
To further illustrate the influence of Doppler uncer-
tainty on the detection performance, we define the 
SNR loss as 
f L f L L( ) ( ( ) (1)) / (1)L M M[ [ [ [       (40) 
where [L(m) represents the required SNR for Mf = m
(PD = 0.9, PF = 106), then we calculate the SNR losses 
of the TVDS and TIDS detectors and the results are 
shown in Fig.7. 
Fig.7  SNR loss versus Mf of TVDS and TIDS detectors for 
PD = 0.9, PF = 106, Ncoh = 256, M = 10, {Ok}={0.1,
0.4, 0.4, 0.1}. 
Noting that the abscissa of Fig.7 is logarithmic, we 
can deduced from Fig.7 that, the SNR losses are ap-
proximately proportional to ln Mf, and the SNR loss of 
the TVDS detector is about four times more than that 
of the TIDS detector for a given Mf.
5.3.  Number of detection cells 
According to Eq.(13), the total SNR (and hence the 
detection performance) increases with M (i.e., the 
number of the detection cells), while the SNR of a sin-
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gle cell remains unchanged. In other words, the re-
quired SNR for desired detection performance de-
creases with increasing M, hence there exists a SNR 
gain with increasing M, which can be defined as 
G G( ) (1) / ( )G M M[ [ [          (41) 
where [G(m) represents the required SNR for M = m
(PD = 0.9, PF = 106). The calculated results of G[ (M)
are shown in Fig.8. 
Fig.8  SNR gain versus M of TVDS and TIDS detectors for 
PD = 0.9, PF = 106, Ncoh = 256, Mf = 8, {Ok}={0.1, 
0.4, 0.4, 0.1}. 
The SNR gains shown in Fig.8 can be explained as 
the results of the cumulation of echoes from different 
detection cells and the fluctuation suppression effect of 
noncoherent integration (i.e., the diversity gain of 
noncoherent integration for fluctuating targets[15]). For 
a certain range of M, G[ (M) can be more than the SNR 
gain of the coherent integration with M pulses. For 
example, Fig.8 indicates that the SNR gain for M=10 is 
more than 10 dB. 
Similar to the traditional noncoherent radar systems, 
it can be deduced from Fig.8 that, for a large number 
of detection cells (M >>1), the SNR gain is approxi-
mately proportional to M  for the TVDS detector, 
while it is 1.4 M  for the TIDS detector, which indi-
cates that the SNR gain of the TIDS detector increases 
with M in a little quicker way than that of the TVDS 
detector. 
6. Conclusions 
In this article, we derive two GLRT detectors re-
spectively for aircraft wake vortices with time-varying 
and time-invariant Doppler spectra, based on which we 
analyze three factors that mainly influence the detec-
tion performance, and the results show that: 
(1) Doppler extension of the wake vortex can induce 
a performance loss of several decibels, and the per-
formance loss of the TVDS detector induced by Dop-
pler extension is generally slightly greater than that of 
the TIDS detector.  
(2) The SNR losses of the TVDS and TIDS detec-
tors due to Doppler uncertainty are approximately 
proportional to ln Mf where Mf is the number of spec-
trum lines in the uncertain Doppler spectrum interval 
:k.
(3) For M >>1, the SNR gains of the TVDS and 
TIDS detectors are approximately proportional to 
M  and 1.4 M  respectively, where M is the number 
of the detection cells. 
For aircraft in various atmospheric environments 
and flight conditions, the wake vortices’ electromag-
netic scattering characteristics may be very compli-
cated and different from what is discussed in this arti-
cle. Hence more research is needed concerning the 
electromagnetic scattering characteristics and radar 
detection technology of aircraft wake vortices in vari-
ous conditions. 
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Appendix A: Analysis of 
2 f,0,T MP  and 2 f2 ,0,T MV
In this appendix, we present a brief numerical anal-
ysis of 
2 f,0,T MP  and 2 f2 ,0,T MV  in Eq.(33), which can be 
helpful for the performance analysis of the TIDS de-
tector. 
According to Eq.(31), the PDF of P2 can be recasted 
as
f f
2 f
f
1
1 f f
,0,
0 f f f
( 1) ( 1)!
( ) e
( ) !( 1 )!
M m
x M
P M
m
M Mf x x
M m M m

 
 
­  ° ®*  °¯¦
1 2 f
f
1 ff
1 1
0 0 1 2
e
! ! !
m
m
m m mM M
m x
m m m
x
m m m
   
  
½°¾°¿
¦ ¦
"
" "      (A1) 
from which we obtain the mean value of T2(z) under 
the hypothesis H0 as follows: 
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Especially, for Mf = 2, we obtain 
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For f 2M t , the PDF of P2 can be recasted as 
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based on which we obtain 
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where 0 (0, )x  f , thus it can be known that 
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As an example, Fig.A1 shows the curves of 
2 f,0,T MP
versus M for Mf = 2, 3, 4. It can be deduced from 
Fig.A1 that 
2 f,0,T MP  monotonically decreases with M
to the limit of 1, but it increases with Mf.
Fig.A1
2 f,0,T M
P versus M for Mf=2, 3, 4. 
As for 
2 f
2
,0,T MV , its relations with M and Mf are fair-
ly complicated. Thus it is difficult to obtain the exact 
solutions except for Mf = 2, in which case we obtain 
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which approaches to a limit of 0 as M approaches to 
positive infinity (see Fig.A2). Further numerical results 
indicate that, 
2 f
2
,0,T MV  decreases monotonically with 
M to the limit of 0 and decreases with Mf for 3M t ,
but it increases with Mf for M = 1, 2. 
Fig.A2
2 f
2
,0,T MV  versus M for Mf = 2, 3, 4.
